Abstract-This paper discusses the steering kinematics for a center-articulated mobile robot. Several models have been recently proposed in the literature and we use experimental data to compare and validate these models. The vehicle heading response to steering command is shown to include a dominant zero due a nonholonomic constraint, and this is verified by experiments conducted using a 30-t mobile vehicle at our laboratory. Simulation results are then used to show the significance of this zero and its effect on closed-loop heading angle control.
I. INTRODUCTION
Load-haul-dump (LHD) vehicles (see Fig. 1 ) transport ore in underground metaliferrous (noncoal) mines. Operation is cyclic, typically 15-18 trips/h, with round-trip travel distances from 100 to 600 m. The full or partial automation of underground truck haulage is considerably attractive to industry [1] since it has the potential to improve safety by removing people from the vehicles, while simultaneously increasing productivity. Automation of this type of vehicle has been reported by many groups including [2] - [4] , and [5] provides a recent review.
The dynamics of the LHD are different to a normal free-steered vehicle such as a car or semi-trailer, which is commonly discussed in the literature. As observed by Altafini [6] , the centre articulation gives the vehicle considerable maneuverability within the narrow confines of a tunnel. A number of papers [7] - [9] uses a simple 'bicycle-type' model for the LHD. Recently, DeSantis [10] and Altafini [11] have developed more complete models of the LHD, which include a nonholonomic constraint due to the articulation joint and the wheels.
The front and back sections of the vehicle are connected by a joint, H, with a vertical axis (see Fig. 2 ). The articulation angle is referred to as .
Two linear hydraulic cylinders acting in a push-pull configuration exert forces S and S 0 to actuate the joint (see Fig. 2 ). In addition to creating a moment about the pivot point, they exert lateral forces that are opposed by tire adhesion forces. In practice, the actuators are strong enough to break adhesion and scrape the wheels sideways across the ground when the vehicle is parked with brakes applied.
Section II introduces our notation and develops a steady-state model of the turning vehicle. This is extended in Section III to a full kinematic model which describes how the vehicle's pose evolves with time as a function of steering angle and ground speed v. This full model is compared experimentally with the simpler "bicycle" kinematic model and significant discrepancy is observed. Finally, in Section IV, the two models are compared in the context of a simple heading-angle control system.
We assume throughout that there is only point contact between wheel and ground, that the wheels do not slip, and that all motion is planar. 
II. STEADY-STATE TURNING
Fig . 3 shows the essential geometry of a centre articulated vehicle which we will use to develop a simple steady-state model for vehicle turning behavior, i.e., _ = 0. We will also discuss the complications introduced for a nonsymmetric vehicle, i.e., l1 6 = l2 (unlike [9] and [10] ). For our particular LHD, l 1 = 1:6 m and l 2 = 1:8 m.
At the point H we can write a + b + = 180 (1) and for the right-angled triangles 4OHP1 and 4OHP2 we can write
Substituting into (1) we determine that c + d = :
Next, consider the right-angle triangle 4OP2A, for which we can write
cos =r 2 tan
which can be simplified to yield the turning radii r1 = l 1 cos + l 2 sin
r 2 = l2 cos + l1 sin :
Interestingly, the two halves of the vehicle follow circles of different radii, and the ratio of radii of curvature r 2 r 1
is identically equal to one only for the case l 1 = l 2 or = 0.
A consequence of this difference in radii is that the ground speed of the two vehicle halves is also different whilst turning. The vehicle has a separate differential for the front and rear wheels, each driven by the output of the gearbox. The input speed to the differential is the mean speed of its two associated wheels 
where w is the distance between wheels along the axle and is the angular velocity of the vehicle moving along the circular arc. Combining (11) and (8), we can write the ratio of the mean front and back wheel speeds as
which are equal only for the case of straight line motion, = 0, or turning with l 1 = l 2 . For our vehicle, with a nonzero steer angle this effect is small, but the back wheels are required to rotate up to 2% faster than they are driven-effectively, the back will be dragged by the front leading to increased tire wear and stress on the articulation joint.
III. FULL KINEMATIC MODEL
In this section, we will develop a general kinematic model of the vehicle that shows how heading angle evolves with time as a function of steering angle and velocity. DeSantis has recently proposed a dynamic model for the general n-trailer problem [12] and also for the specific center-articulated vehicle problem [10] . However, these dynamics models, like those of Hemami [13] , have inputs of wheel and steering joint torques whereas the actual machine has inputs of angular velocities (motor RPM and steering cylinder flow rates), i.e., kinematic quantities. A further disadvantage of the dynamic model approach is that the inertial parameters are not known and would be difficult to estimate.
Instead we adopt the methodology of Altafini [11] , which is summarized below. Referring to Fig. 3 
By comparison, the simple "bicycle" steering model of [9] predicts a yaw rate for the front of the vehicle of _ 1 = 0v sin l2 + l1 cos (20) which is similar to (19) but missing the _ term in the numerator. The bicycle model predicts that _ 1 is always zero at zero velocity, v = 0, but this is not observed in practice-articulating the vehicle while it is stationary, but with the brakes off, causes the front and back parts of the vehicle to rotate. The nonholonomic constraint of (19) is similar to the "slip model" of [9] but the dynamics are actually due to the assumed nonslip constraint.
Yaw rates for the front and back of the vehicle, respectively, f = _ 
All three variables can be measured on our experimental system. The front and back angular rates were measured by Crossbow IMU units (model DMU-6X on the front and model DMU-VG on the rear). Gyro bias was established and subtracted from the data before analysis. In forward motion, a positive hitch angle causes the vehicle to steer to the right. This is a negative yaw about the Z-axis which is upward. Raw data from the experiment is shown in Fig. 4 . Yaw rate error, measured minus predicted, is compared in Fig. 5 for the two steering models. For the front of the vehicle the RMS errors are 5.0 and 2.3 for the bicycle and nonholonomic models, respectively.
This would indicate that the nonholonomic constraint is significant to the vehicle's steering response even though the underlying assumption of no slip is likely to be violated in practice when driving over a rough dirt road. We can rearrange (21) to form a residual from the measured quantities = b 0 f 0 _ which should be zero. Fig. 6 is a plot of for this dataset which is essentially white noise (confirmed by autocorrelation measure) with superimposed impulses which we believe are due to slop and backlash in the articulation system. Note that this data was obtained while the vehicle was moving over uneven terrain and that vehicle/ground interaction forces act on the steering joint. It may be feasible to monitor the 
IV. CONTROL IMPLICATIONS
In this section, we investigate the implication of the zero dynamics for the case of a simple linear heading controller, by comparing the performance with the bicycle and the full kinematic models.
As a first step we approximately linearize both models, by assuming Both models include the forward velocity as a gain in the numerator, but the exact model has a zero at s = 0v=l2. This zero is always within the left-hand half plane except at zero speed when it is at s = 0 and acts as a pure differentiator. At low speeds, say 5 km/h, and for our vehicle dimensions the zero is dominant at 0.77 rad/s.
If the input rate and saturation limits are ignored, then a simple high-gain proportional controller is effective for heading control. We choose to make the loop gain invariant to velocity by choosing the controller gain
where K is the adjustable gain parameter and is a small value to avoid singularity. Fig. 7 shows the simulated response of both models, and we can see that the bicycle plant model has zero error for constant heading demand (as expected for a Type I plant). The exact model has a slower error ramp and decay due to the action of the dominant zero. To achieve improved dynamic performance at low speed, this zero must be dealt with explicitly in the control design, possibly by introducing a feedforward term. As vehicle speed increases, the zero dynamics are seen to decay more quickly, and at high speed, the vehicle more closely approximates a bicycle, and a controller based on the incomplete bicycle model will perform adequately on the exact plant model.
V. CONCLUSIONS
The vehicle's response to steering demand has been shown, theoretically and experimentally, to contain a speed-dependent zero term due to a nonholonomic constraint. The bicycle and exact models were then compared in the context of a heading control loop where the effect of the zero on error and input demand is quite marked, particularly at low speed. As vehicle speed increases, the kinematics tend toward those of a bicycle. However, at low speed, such as required when turning tight corners, the difference is significant and given the confined environment must be taken into account.
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